UQMATH-93-02 



hep-th/9303096 



Unitarity and Complete Reducibility of Certain 
Modules over Quantized Affine Lie Algebras 

Y.-Z. Zhang and M.D.Gould 

Department of Mathematics, University of Queensland, Brisbane, Qld 4072, Australia 



Abstract: 

Let Uq{Q) denote the quantized affine Lie algebra and Uq{G^^^) the quantized nontwisted afhne 
Lie algebra. Let Ofin be the category defined in section 3. We show that when the deformation 
parameter q is not a root of unit all integrable representations of Uq{Q) in the category Ogn are 
completely reducible and that every integrable irreducible highest weight module over 
corresponding to g > is equivalent to a unitary module. 



1 Introduction 



Quantum (super)groups, or more precisely quantum universal enveloping (super)algebras or for 
short quantized (super)algebras, are defined as q deformations of classical universal enveloping 
algebras of finite-dimensional simple Lie (super)algebras [|l||2|[p. The definition for the quan- 
tized finite-dimensional simple Lie algebras can be extended to infinite-dimensional affine Lie 
algebras, or even to arbitrary Kac-Moody algebras, with symmetrizable, generalized Cartan 
matrices in the sense of Kac[Q]. In this paper we shall be concerned with the case of quantized 
affine Lie algebras. 

Quantized affine Lie algebras and their representations are important in, among others, the 
so-called Yang-Baxterization method for obtaining spectral parameter dependent solutions to 
the quantum Yang-Baxter equation |^] and the g-deformed WZNW CFT's[^ |^] . It is known|^] 
|10| that most algebras and representations of interest in physics and mathematics have corre- 
sponding q deformations. In particular, for quantized simple Lie algebras, all finite-dimensional 
representations are known to be completely reducible^. However, for quantized affine Lie al- 
gebras, only some isolated results are avaiable. In particular, the complete reducibility and 
unitarity of representations have not been clarified. In fact the latter remains unproved even for 
the quantized finite-dimensional simple Lie algebra case. 

In this paper we will address the problems of complete reducibility and unitarity of certain 
representations for quantized affine Lie algebras. Our main results are the proofs of complete 
reducibility and unitarity of some important modules over the quantized affine Lie algebras. 

The paper is set up in the following way. After recalling, in section 2, some basic facts 
on quantized affine Lie algebras, in section 3 we investigate representations of the quantized 
affine Lie algebras. The main result of this section is theorem 3.1 which says that all integrable 
representations of the quantized affine Lie algebras with weight spectrum bounded from above 
are completely reducible. In section 4 we prove the unitarity of every integrable irreducible 
highest weight module over quantized nontwisted affine Lie algebras; our main results are stated 
in theorem 4.2, 4.4 and corollary 4.3. We conclude, in section 5, with a brief discussion of our 
main results. 

2 Preliminaries 

We start with the definition of the quantum affine Lie algebra Uq{Q). Let = {aij)i<ij<T be 
a symmetrizable Cartan matrix. Let Q stand for the finite-dimensional simple Lie algebra with 
symmetric Cartan matrix A^^y^ = (o^J™) = (ctj,ctj), = l,2,...,r, where r is the rank of 
Q. Let A = {aij)Q<ii j<ir be a symmetrizable, generalized Cartan matrix in the sense of Kac. 
Let Q denote the affine Lie algebra associated with the corresponding symmetric Cartan matrix 
^sym = (tiij™) = (ctj) Oj)) hJ = 0, 1, ...r. The quantum algebra Uq{Q) is defined to be a Hopf 
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algebra with generators: {cj, /j, g ' {i = 0, 1, q } and relations 



^ ^h+h' (^j^ = h,{i = 0, 1, r), d) 



[Ci) fj] — ^ij _i 



^_^N^A;^(l-a,j-fc)^ ^(fc) 
fe=0 

E = (i^j) (1) 

fc=0 



where 



' [A:],!' [fc],!' ^^J'' q-q-^ 



The algebra Uq{Q) is a Hopf algebra with coproduct, counit and antipode similar to the case 
of Uq{Q): 

^{q^) = q^®q^ ^ h = hi, d 

S{a) = -q^oaq-^" , a = eiJ^,h^,d (3) 

where p is the half-sum of the positive roots. We have omitted the formula for counit since we 
do not need them. 



For quasitriangular Hopf algebras, there exists a distinguished element 



u 



E'5(&.)a. (4) 



where and 6, are coordinates of the universal i?-matrix R = J2i o,i®bi. One can show that u 
has inverse 

u-^ = Y.S-\h)ai (5) 

i 

and satisfies 

S'^ia) = uau-^ , yaeUgiG) 

A{u) = {u ^ u){R^ R)-^ (6) 

where R^ = T{R), T is the twist map: T{a (E> b) = b (g) a , Va G Uq{Q). 
Proposition 2.1: 17 = uq~'^^p belongs to the center of Uq{Q), i.e. it is a Casimir operator. 
We may equivalently work with the coproduct A and antipode S defined by 

A{q^)=q^®q^, h = hi, d 



A{ei) = (l''!'^ ® ei + Ci q'^'l'^ 

S{a)=-q-^''aq^\ a = ei,fi,hi,d (7) 

Corresponding to the coproduct and antipode we have another form of the i?-matrix, denoted 
as R. If we write R = (^i 'S'bi, then we have 



u 



Y.S{bi)ai, u-^ = Y.S-\bi)ai (8) 



which satisfy 



5^(a) = uau ^ , Va G Uq{Q) 

K{u) = {u(^u){R^Ry^ (9) 

Proposition 2.2: Vt = u~^q~'^^p is the Casimir operator of Uq{Q) with coproduct and antipode 
given by (g). 

Proposition 2.3: The Casimir operators and Q have the properties: Vt = S{Q) , Cl = 3(0.). 
We define a conjugate operation f and an anti- involution 9 on Uq{Q) by 

d) = d, hi = hi, el = fi, fj = ei, i = 0, 1, ...r 

0{q'')=q-\ e{ei)=h, e{fi) = , %) = g"^ (10) 

which extend uniquely to an algebra anti- automorphism and anti-involution on all of Uq{Q), 
respectively, so that (ab)^ = b^a^ , e{ab) = e{b)e{a) , Va, 6 G Uq{g). 

Throughout the paper, we assume that q is not a root of unit and use the notations: 



exp^(x) = J2 -rn ' = ~ ^'>i ■■■ 

{&dqXa)xp = [Xa , X/j]^ = XaXp - q^'^'^^^XpXa (H) 



3 Complete Reducibility 

Representations of Uq{G) are known to be isomorphic (as a linear space) to corresponding reps 



of U{g) H. Let 

UqiC) = Uq{M.) ® UqiU) ® UqiM+) (12) 

be the triangular decomposition of Uq{Q), generated by the /j's, q^ {h E 7i) and e^'s, respectively. 
Let V denote an C/q(^)-module. We say that V is 7^-diagonalizable if 

y = Fx (13) 

xen* 
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where, Vx = {v ^ V\q^v = q^^^^v , h € H} be the weight spaces corresponding to the weight A. 
Following Kac[P, we introduce the notations 

u{v) = {X£n*\Vx^o}, D{\) = {i^ien*\fi<x,xen*} (i4) 

and consider the category Ofin defined by 

Definition 3.1: Ogn is the category of Uq{Q) modules V which are "H-diagonalizable with finite 
dimensional weight spaces and in which there exist a finite number of elements Ai , ... , A^ € 7i* 
such that 

n(y) c yjUi D{\i) (i5) 

( p^ ) implies that weights in Ogn are bounded from above. 
Example: Highest weight modules. 

We say that an Uq{G)-module ^ is a highest weight module with the highest weight A if there 
exists a non-zero vector v such that 

ei{v)=Q (i = 0,l,...,r), q^v = q^^^'^v {h e H) 

V = u,{g)v (16) 

The vector v is called as highest weight vector. We deduce from ([T2|) and (|l^), 

^=0^A, Vk = Cv, dimyA<oo (17) 

A<A 

which implies that a highest weight module lies in Ofin- 

Proposition 3.1 (Lusztig |10[ ): For any A G Ti* , there exists a unique, up to isomorphism, 
irreducible highest weight C/q(^)-module L{K) with highest weight A. 

Following KacQ, we have the following 

Definition 3.2: Let V be an Uq{Q)-m.o<hAe. A vector ?; € Va is called primitive of weight A if 
there exists a submodule U vaV such that 

v^U; avGU (18) 

The weight A is called a primitive weight. 

Example: If V is an irreducible C/g(S)-module, so that the only proper submodule is U = {0}, 
then a weight vector is primitive implies that v ^ and eiV = 0. 

We now state two propositions (3.2, 3.3, below) and one lemma (3.1, below) analogous 
to Kac's classical results (compare KacQ, proposition 9.3, lemma 9.5 and proposition 9.9, 
respectively) . 

Proposition 3.2: Let y be a non-zero ?7g(^)-module from Ofin- 

a) V contains a non-zero weight vector v such that ei{v) = 0; in particular V contains a primitive 

4 



vector. 

b) The following conditions are equivalent: 

(i) V is irreducible. 

(ii) y is a highest weight f7g(^)-module and any primitive vector of ^ is a highest weight vector. 

(iii) y ~ L(A) for some A eTC*. 

The condition (iii) means that the L{A) exhaust all irreducible modules from Ofin- 

Lemma 3.1: Let V be an Uq{G)-uiodule from Ofin. If for any two primitive weights A and /i of 
V, the inequality X> fi implies X = fJ-, then the module V is completely reducible. 

Proof: The proposition (3.2) and lemma (3.1) are proved exactly as in Kac (|Q], proposition 
9.3 and lemma 9.5). □ 

Let Q = J2i=o denote the root lattice and set = J2i=o Z+a^. 

Proposition 3.3: a) Let ^(A) be an [/<;((/ )-module with highest weight A. If 2(A+p, (3) / (3) 
for every /? G (3^0, then V{A) is irreducible. 

b) Let V be an Uq{Q)-module from Ofin- If for any two primitive weights A and ^ of V, such 
that A — /i = /3 > 0, one has 2(A + p, f3) ^ (/?, /3), then V is completely reducible. 

Proof: We mimic Kac's proof in the classical case. To this end, we first prove the following 

Lemma 3.2: Let V be an Uq{Q)-module. 

a) If there exists v ^ V such that CiV = for alH = 0, 1, r and q^v = q^^^^v for some A € 7i* 
and all /i G TY, then 

Uv = g~(A,A+2p)^ (19) 

b) If, furthermore, V = Uq{Q)v, then 

n\v = q-^^'^+^^hv (20) 
Proof: One can show that the universal i?-matrix R of Uq{Q) can be written in the formQ 

i? = 1^/ / + ^ a; ^ • qT.U H^m^+cm+dm (21) 

where {a[} and are the basis of the subalgebras of Uq{Q) generated by {e^g"'^'/^} and 
{q'^^^^fi}, i = 0,1,.. .,r, respectively; c = ho + , ip is the highest root of Q; {Hi} and 
{H'} {i = 1,2,..., r) satisfy 

^ A{Hi)A'{W) = (Ao, A'o) , VA = (Aq, k, a) , A' = {A'^, k', a') G H* (22) 

i=l 

So the Casimir 0, in proposition 2.1 takes the form 

n = q- ELi H^H,-dc~cd-2h, ^ J2 S{b[) q~ I^-i ^'f^^-d^-^d . a[ q-^^" (23) 
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Acting on v, only the first term survives, 

nv = q- ^1=1 H^m-dc-cd-2h,^ ^ q~(^'^+^P)v (24) 

where use has been made of (22) and (A, A') = (Aq, Ag) + na' + an'. This proves a). Part b) 
follows from ( p4[ ) and proposition 2.1. □ 

Corollary 3.1: a) If F is a highest weight Uq{Q) module with highest weight A, then 

n = q-^\^+P?-\p\')ly (25) 

b) If V is an f7g(^)-module from O^^ ^-nd ?; is a primitive vector with weight A, then there exists 
a submodule U CV such that v ^ U and 

nv = q-i\^+p\''-\p\^)v (mod U) (26) 

Now we are in the position to prove proposition 3.3. Assume that V{A) is reducible. Then 
proposition 3.2b) implies that there exists a primitive weight A = A — /5, where /? > and thus 
from corollary 3.1a) we have 

^-(A,A+2p) ^ ^-(A-/3,A-/3+2p) ^^27) 

which gives 2(A + p, j3) = (/?, (3) since q is not a root of unity. This leads to a contradiction and 
thus we prove a). 

We now prove b). We may assume that the Uq{Q)-m.odule is indecomposable. Then, locally, 
the Casimir operator Q has the same spectrum on V. We thus obtain from corollary 3.1b) 



-(|A+p|2-|p|2) _ „~(|m+pP-|pP) 



(28) 



for any two primitive weights A and /x. Since q is not a root of unity, the above equation gives 
|A+/9p = |)U+/9p for any two primitive weights A and fi. Therefore, we must have X = p. Indeed, 
if this is not the case, then we deduce 2(A + />,/?) = (/?,/?), which contradicts the condition of 
the proposition. Now point b) follows from lemma 3.1. □ 

Definition 3.3: An Uq{Q)-module V is called integrable if V is 7^-diagonalizable and if Ci and 
fi {i = 0, 1, ...,r-) are locally nilpotent endomorphisms of V . 

Let n(A) denote the set of weights of the [/g(^)-module L(A) and 1)+ = {A € H*\{\,ai) > 
0, < i < r} the set of dominant integral weights. 

Proposition 3.5: a) Let V be an Uq{Q)-module from Ogn and A be a primitive weight. If V is 
integrable, then A G Z)_|_. 

b) The highest weight Uq{Q)-m.odule L{A) with highest weight A is integrable iff A G D+. 



Proof: Part a) is proved following the same arguments as in Lusztig (||10[, proposition 3.2) and 
part b) follows from |9|[0]. □ 



We now state our main result {complete reducibility theorem) in this section. 

Theorem 3.1: Every integrable f7g(^)-module V from is completely reducible, that is, is 
isomorphic to a direct sum of modules L{A), A e D^. 

Proof: We check that if A and /i are primitive weights such that A — // = /?, where f3 € Q+/{0}, 
then 

2{X + p,l3)^{P,P) (29) 

This can easily be done as follows. By means of proposition 3.5a) and the fact that (/>, /?) > 
for all (3 € (5+/{0}, we have 

2(A + p, /3) - (/3, /3) = (A + (A - ^) + 2p, (3) = {X + + 2p, (3) > (30) 

The theorem then follows from proposition 3.3b). □ 

4 Unitarity 

In this section we will focus our attention on quantized nontwisted affine Lie algebras Uq{Q^^^). 
Analogous conclusions are true for the twisted case. We first introduce the following 

Definition 4.0: An Uq{Q^^^ )-module V is called unitary if V can be equipped with an inner 
product < I > such that, for all a G Uq{G^^'^) 

< a^v\w >=< v\aw > , yv,w G V (31) 

Equivalently, if vr is the representation of Uq{G^^^) afforded by V, then V is called unitary 
provided 

7r(at) = 7r(a)t , Va G [/^(gW) (32) 
where | on the r.h.s. denotes Hermitian conjugate. 

Lemma 4.0: Every integrable highest weight Uq{Q^^^ )-module L{A) carries a unique, up to a 
constant factor, and well-defined nondegenerate inner product < | >. With respect to this 
inner product, L(A) decomposes into an orthogonal direct sum of weight spaces. 

Proof: This can be easily proved following the similar arguments as in Kac ([^, proposition 
9.4). □ 

Proposition 4.0 (Kac): Let A G Z)+ and A G n(A). Then |A + - |A + > and equality 
holds iff A = A. 

4.1. Let G = sl{2)^^\ Fix a normal ordering in the positive root system A+ of 5/(2)^^^: 

a, a + S, a + nS, 5, 25, mS, ... , ... , /9 + 15, ... , f3 (33) 
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where a and P are simple roots and l,m,n > 0; 5 = a + (3 is the minimal positive imaginary 
root. Let us introduce standard generators 

Fa = q^-'^fa, Fp = q^'^l^fp (34) 

then, 

S{Ei) = -F^, S{El) = -Fp 

5(Ft) = -S„, SiF^p) = -Eg (35) 

Construct Cartan-Weyl generators E^ , = e{E^) , 7 G A+ of C/g(sZ(2)(i)) as follows[||]: We 
define 

Es = [{a,a)]g'^[Ea, Efs]g 

^„+„5 = (-1)" (ad^5)"^a 
Ei3+n5 = (adEs^ Ep,... 

EnS = (a,a)]q"^[£;„+(„_i)5, Ef^jg (36) 

where [EnS, Ems] = for any n, m > 0. For any n > there exists a unique element E^s 
which satisfies [EnS , Ems] = for any n, m > and the relation 

Ens= E ^ r^^ri {Ek,sr...{E,^sr- (37) 

Pi- ■■■ Pm- 

kipi + ... + kmPm = n 
< ki < ... < km 

Then the vectors E^ and F^ = 9{Ey), 7 G A_|. defined above are the Cartan-Weyl generators for 
Uq{sl{2)^^^). Moreover, 

Theorem 4.1 (Khoroshkin-Tolstoy|l|]): The universal i?-matrix for Uq{sl{2Y^^) may be written 
as 



R = (n„>oexpg^((g - g ^){Ea+n5 ® Fa+ns))'^ 

•exp E '^['^]qlil» - 1a^){En5 ^ F^s) 
\n>0 / 

• (n„>oexp,J(g - q-'){Ep+n5 ® Fp+ns))) ■ ql^^^^h^+^^d+mc (33) 



where c = ha + hp. The order in the product ( |38| ) concides with the chosen normal order (33). 
We have 

Lemma 4.1: 

S{Ei^^s) = -Q^'^'-'^^F^^nS , 5(4+„,) = 



SiFls) = , S{Fl,) = -q-^(»'P)E^s (39) 

Proof: The proof follows, from (^), (^) and (^) and similar relations for = 9{E^), by 
induction in n. □ 

Corollary 4.1: 

We are now ready to state 

Theorem 4.2: Every integrable highest weight module L{A) over Uq{sl{2)^^^) corresponding to 
(7 > is equivalent to a unitary module. 

Proof: In the limit g — > 1, the C/q(,sZ(2)^^^)-module L{A) reduces to the corresponding module 
of U {sl{2)^^^) |1C] and thus is equivalent to a unitary module according to KacQ. We now show 



that for < q < 1 and q > 1 the module L{A) is equivalent to a unitary module. By lemma 
4.0, one only need to show that if < | > is a nondegenerate inner product on L(A) such that 
< > > for a highest weight vector v, then the restriction of < | > to L{A)x is positive 
definite for each weight A in L(A). We prove this by induction on ht(A — A) (the height of 
(A- A)). Let A G n(A)/{A}. 
(i). For < g < 1: 



we use the Casimir Q, = uq "^^f . We have, from the i?-matrix (38) 



u = A,^^^^{q)S{Fpf' ...S{Fp^M6p' S{FlsT' ...S{Fsr 

{l,n,k} 

■ ... S{F^+N5)''' ... S{Fj^q-'2^-''--'^''-''%Ej^^ ... {E^+m)''' - 

■{Esr - (ELsr' {Ep+Ms)"'' ... (i?/3)'» (41) 

where {1} = {/o,^i,...,^Ar,...}, {n} = {ni, n2, n^, ...} , {k} = {ko,ki, ...,kM, ■■■}] the con- 
stants vli,n,k(9) are given by 

(^q _ q-iyo+h+:.+lN+--- (^q _ q-i^ko+ki+...+kM+... 



yn jjni^ /-„ _ „-l\ni+n2+. ..+«£,+... 

^ ' (42) 



and satisfy 

(_-^yo+...+/iv+...(_i)",i+...+ni+...(_-^)fco+...+fcM+...^j^^ j^(^) > Q foj. o<g<l (43) 
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Then the corollary 4.1 implies that 

{l,n,k} 

• ... {Esr ■■■ {ElsT^^ {Ep+Msf'' ... (i?/3)'°g-'^- (44) 

where ii,n,k(9) = (-l)'o+.. .+«iv+...(_i)ni+.. ■+«£,+.. .(_i)fco+...+fcA/+...^j^^ ,^(g) and so by (||) 

ii,n,k(9) > for < g < 1 (45) 

and Y^' denotes the sum over all {1, n, k} / {0,0,0}. 

Computing < > in two different ways, we obtain 

(,-(|A+pP-|pn _ ,-(|A+pP-|pP)) < >^ ^-2(A,p). < (^^yo ... 

{l,n,k} 

. (i?5)"i ... {ElsT'' {Ep+Msf'^' ... {Epfo^\q-hh^h^--<i-dc 

■ (E„)'o ... (E„+^5)'^ ... {E,r^ ... (£i5)"^ {Ep+MiP' ... (i?/3)'°^^ > (46) 

By the inductive assumption the r.h.s. of (^) is non- negative thanks to eq.(^). Using proposi- 
tion 4.0 we deduce that < v\v > > for < g < 1. Since < | > is non-degenerate on L{K)x 
we conclude that for < g < 1 it is positive definite on L{A). 
(ii). For q> 1: 

In this case we work with the coproduct and antipode (|7|). Let us introduce the standard 
generators 



then 



Ea = e^q^-'^ , Ep = epq'^f^'^ 

F, = g-W2j^^ F^ = g-V2/^ (47) 

5(4) = -F„, S{El) = -Fp 

S{Fl) = -E^, S{Fl) = -Ep (48) 



and we have 
Lemma 4.2: 



S{Fn&) = -q<->P)Hn5MEl^ (49) 



Proof: Similar to the proof of lemma 4.1. □ 
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Now we define inductively, 

^5 = [(a,a)]-i[^„, Ep\q-i 

E/3+n5 = {adEs^ Ep,... 

EnS = [{oi,a)]~'^[Ea+(^n-l)S, Ef^jg-i 



En5= E ^ ] — iEk,sr:.iEk,^sr- (50) 

Pr- ••• Pm- 

kipi + ... + k^nPrn = n 

< ki < ... < km 



and similarly for = 9{E^). Then we immediately obtain, from the i?-matrix (38), our matrix 

(i?T)-l = E An,k(9-')(^a)'°-(^a+^5)''^...(^5)"^..(^w)"^... 
{l,n,k} 

• ... {Ep+Msf'' ... {Epf' ® {Fat ... {Fa+Ns)''' ■■■ {FsT' - {FlsT' 

■ {Fp+Ms)''^' ... (i^/3)^" • q-^h^»h^-c»d-d»c (5^) 

where the constants ^i,n,k(9 "'^) satisfy 

(_^yo+...+U+...(_i)ni+...+ni+...(_^^feo+...+feM+...^j^^^j^(^-i) > 0, for q>l (52) 



We deduce, from (|5lD , 



= (/C3 5)i?-1= E An,k(g"') (Fa)'° ... (i^a+7V5)''" ... (i^5)"^.. (i^w)"^ ... 
{l,n,k} 

. ... (Fp+Ms)''''' ... (i^/3)''° ® ^ih<,®h<,+c®d+d0c . 5(^^)A:o ... S{Ep+Ms)'''' - 

■ ... SiELsT' ... S{Esr ■■■ 5(^a+iv5)'^ ... S{EJ<^ (53) 
Thus we obtain the following Casimir operator 



q'''^ E Ai^n,Uq'')S{F^)''...S{F^+M5 



kM 
{l,n,k} 



■S{Fl5T' ...S{Fsr ■■.SiFa+mY'' ... S{Fj^ ■ q-^' 
iEj^ ... {E^+NsY'' ... {Esr ... {ElsT'^ {Ep+Ms)''' ... (^/3)'» (54) 

which, using the lemma 4.2, takes the form 



^ ^ q^h^h^+cd+dc+2h, ^ J2 ii,„,k('Z-')(4)'''-(4+A/5)'" 



{l,n,k} 

iEi,r^ ... {Eir ... (4+^5)'^ ... (^t )/o^i/../..+cd+dc(^^yo ... (^^^^,)'^ 

. ... {Esr ... [ElsT' [Ep+Ms)''' ... {Ef3)'' (55) 



11 



where ^i,n,k('7"^) = (-l)'o+-+«iv+...(_i)"i+...+nz,+...(_i)fco+...+fcAf+...^j_^ ,^(^-1) and so by (|D 

4n,k(r')>0 for q>l (56) 
Computing < v\Cl\v > in two different ways as above, we obtain 

{l,n,k} 

• {Ej^ ... {E^+Ns)''' ... {Esr - {EuT^^ {Ep+M5?^' ... {Epf'v > (57) 

By the inductive hypothesis we have that the r.h.s. of (|57| ) is non-negative for q > 1 thanks to 
the formula (|5^). Therefore, we deduce from proposition 4.0 that < v\v > > for q > 1. 
Then the non-degeneracy of < | > on L{A) imphes that < v\v > > for q > 1. □ 

4.2. General case: G = G^^^ . Fix some order in the positive root system of G^^\ which 
satisfies an additional condition, 

a + nd < k6 < {6 - p) + 16 (58) 

where a , /? G , A^}_ is the positive root system of Q ; k , I , n > and 6 is the minimal 
positive imaginary root. 

Let us as before introduce standard generators, 

Ei = eiq-''^/\ Fi=q^^'^fi, i = 0,l,...,r (59) 

then we have 

S{e\) = -F,, S{F}) = -Ei (60) 
Cartan-Weyl generators E^ and F-y = 9{E^) , 7 € A+ may be constructed inductively as 



follows|12|. We start from the simple roots. If 7 = + /?, a<7</3, isa root and there are 



no other positive roots a' and (3' between a and (3 such that 7 = a' + then we set 

E^ = [Eo. , Ep\ = E^Ep - q^'^'^^EpE^ (61) 

When we get the root 5, we use the following formula for roots 7 + n5 and roots ((5 — 7) + n5, 
for 7 G Al, 

Ef = [{ai,ai)]-^[Ec,^, , 

Fa,+n5 = (-1)" (ad^l'))"s„,, 
Es-a,+n5 = (adE^^*-*^ Es-ai , ■■■ , 

EnS = [("i'"i)]^M-E^a, + (n-l)<5, (62) 
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Then we repeat the above inductive proceduce to obtain other real root vectors E^j^^g , E^—^j^nS i 
7 S A^. Finally, the imaginary root vectors E^^ are defined through E)^^ by the relation 



(37) with a there changing to aj. Then, the above operators E"^*] , F^j = 6{E^j) {i = 
1, 2, r) , E.y , E^ = 0{E.y) are the Cartan-Weyl generators of Uq{Q^^^). Moreover 

Theorem 4.3 (Khoroshkin- Tolstoy fl^ ) : The universal i?-matrix Uq{Q^^^) may be written in 
the following form, 

R = fn^eA-,7<5 expg^ f^^p^S^ 



7V 

\n>Oi,j=l f 

■ (^n,,A. , exp,^ {^OM'^' ® ) ■ (63) 

where c = ho + h^, ip is the highest root of Q; (Cj"(g)) = (C™j(?)) , i,j = 1,2, ...,r, is the inverse 
of the matrix [Bfj{q)) , i,j = 1, 2, r with 

and C.y{q) is a normalizing constant defined by 

[E, , E^] = (g'^- - g-'^-) , 7 G A- (65) 



The order in the product of the i?-matrix concides with the chosen normal ordering ( pq ) in A^-. 
We now state an important 

Remark: C.y{q) have the following general property 

C^{q) = C^iq'^) > for g > 0, g / 1 (66) 



as shown in our previous paper 1 13 1. 
We have the following 

Lemma 4.3: For any a € A^, 

S{Ei) = , 5(Ft) = -g-("'°-2p)/2^„ (67) 



Proof: We prove them by induction. The results obviously are valid for a = ai , i = 1,2, r, 
a simple root since we have {ai,ai — 2p) = 0. Now we show that the results are also true for 
Ea+p = [Eo, , Ef3]g and = [F^ , Eal^-i. We have 

5(£;t ) = 5(4)5(4) - q'-"'^^S{El)S{Ei) (68) 
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which by the inductive assumption gives 

^ ^(a,/3)+{a,a-2p)/2+(/3,/3-2p)/2 ^ p^p^ _ q-ic'.P) p^p^^ 

= (69) 

Similarly, we have 

S[Fl_^p) = -q-(-+P'-+P-'Py^E^+f, (70) 

This completes our proof. □ 
Corollary 4.2: For any a G A*|_, 

S{eIJ = -g('^-"'''-"-2^)/2F5_„ , S{fIJ = -q~^'-^''-^-^py^Es^^ (71) 

Proof: The results are true for a = -0, the highest root. Then the results follow, from lemma 
4.3 and Es_a = [Ep , Es-{^a+i3)\q and Fs_^a = [i^5-(a+/3) , Fp\q-i, by induction as above. □ 

Lemma 4.4: For any a G A^, 

Ql'/^t \__(5-a,5-a-2p)/2-n{5,p)p 
o(pf \__-{5-a,S-a-2p)/2+n(5,p)p 

5(^1?) = -q--^'''^FS . S{fS') = 

S{eS^) = > SiFif) = -q-^'^^^eS (72) 



Proof: The proof follows, from (^), ( |62D and lemma 4.3 and corollary 4.2, by induction in 
n. □ 

Our main result is: 

Theorem 4.4: Every integrable highest weight module L{A) over Uq{G^^^) corresponding to 
g > is equivalent to a unitary module. 

Proof: The proof is similar to the one of theorem 4.2 for Uq{sl{2)^^^) case thanks to lemma 4.3, 
corollary 4.2, lemma 4.4 and remark (|6^). □ 



Corollary 4.3: Every integrable highest weight module L{A) over Uq{Q) corresponding to g > 
is equivalent to a unitary module. 

5 Concluding Remarks 

To summarize, in this paper we have investigated the complete reducibility and unitarity of 
certain modules over the quantized affine Lie algebras. In our proofs the Casimir operator (thus 



14 



the universal i?-matrix) plays a key role and our approach is actually a modest imitation of 
Kac's one[Q] and the one in used in proving the similar results for the classical affine Lie 
algebras and finite-dimensional simple Lie super algebras, respectively. 

The complete reducibility theorem 3.1 implies that the tensor product L{A) ^ L{A') of the 
integrable irreducible highest weight modules L{A) and L{A') is completely reducible and the 
irreducible components are integrable highest weight representations. This makes possible the 



computation of link polynomials |15|[16| associated with the quantized affine Lie algebras. The 
point is that the universal i?-matrix for the quantized affine Lie algebras can be shown to satisfy 
the conjugation rule, R} = R^; therefore, braid generators are diagonalizable|14] on L(A)(g)L(A'), 



regardless of multiplicity. Our results also allow us to construct generalized Gelfand invariants 
|17| of the quantized affine Lie algebras. All details will be reported in a separate publication. 



Acknowledgements: 

Y.Z.Z. would like to thank Anthony John Bracken for contineous encouragement and suggestions, 



to thank Loriano Bonora for communication of preprint [12| and to thank M.Scheunert for many 
patient explanations on quantum groups during July and August of last year. The financial 
support from Australian Research Council is gratefully acknowledged. 



15 



References 

[1] V.G.Drinfeld, m:Proc. ICM, Berkeley, 1986, eds. A.Gleason (AMS, 1987), pp.798 
[2] M.Jimbo, Lett. Math. Phys. 10 (1985) 63, and ibid 11 (1986) 247 

[3] A.J.Bracken, M.D.Gould and R.B.Zhang, Mod.Phys.Lett. A5 (1990) 831; P.P.Kulish and 
N.Reshetikhin, Lett. Math. Phys. 18 (1989) 143 

[4] V.G.Kac, Infinite dimensional Lie algebras, Prog. Math. 44, Birkhauser, 
Boston/Basel/Stuttgart, 1983 

[5] M.Jimbo, Commun. Math. Phys. 102 (1986) 247; Topics from representations of Uq{Q) - a 
introductory guide for physicists, Nankai Lectures, 1991, in: Quantum Groups and Quantum 
Integrable Systems, eds. M.-L.Ge, (World Scientific, 1992) 

[6] R.B.Zhang, M.D.Gould and A.J.Bracken, Nucl.Phys. B354 (1991) 625 

[7] I.B.Frenkel and N.Reshetikhin, Commun. Math. Phys. 146 (1992) 1 

[8] I.B.Frenkel and N.H.Jing, Proc.Nat'l.Acad.Sci.USA 85 (1988) 9373; A.H.Bougourzi, 

Uniqueness of the bosonization of the Uq{su{2)k) quantum current algebra, preprint CRM- 
1852, 1993 and references therein; A.Matsuo, Free field realization of q-deformed primary 
fields for Uq{sl2), Nagoya preprint, 1992 and references therein 

[9] M.Rosso, Commun. Math. Phys. 117 (1989) 581 

[10] G.Lusztig, Adv.Math. 70 (1988) 237 

[11] A.N.Kirillov and N.Reshetikshin, Representations of the algebra Uq{sl{2)), q-orthogonal 
polynomials and invariants of links, preprint LOMI E-9-88; N.Reshetikhin and V.G.Turaev, 
Invent.Math. 103 (1991) 547 

[12] S.M.Khoroshkin and U.N.Tolstoy, The universal R-matrix for quantized nontwisted affine 
Lie algebras, in: Proc. 4th Workship, Obninsk, 1990, to appear in Funkz.Analyz. i ego Pril. 

[13] Y.-Z. Zhang and M.D.Gould, On universal R-matrix for quantized nontwisted rank 3 affine 
Lie algebras. The University of Queensland preprint, UQMATH-93-01, 1993 

[14] M.D.Gould and R.B.Zhang, J.Math.Phys. 31 (1990) 2552 

[15] N.Reshetikhin, Quantized universal enveloping algebras, the Yang-Baxter equation and in- 
veriants of links: I, II, preprints LOMI E-4-87, E-17-87 

[16] R.B.Zhang, M.D.Gould and A.J.Bracken, Commun. Math. Phys. 137 (1991) 13 

[17] M.D.Gould, R.B.Zhang and A.J.Bracken, J.Math.Phys. 32 (1991) 2298 



16 



